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Synthetic Control & Simplex Constraint

In Abadie and Gardeazabal (2003), the counterfactual Y (e.g., GDP of the
Basque country in 1980 if there were no terrorism activities) is constructed as

Y = i ’U)Z‘Xi,
i=1

where X1,..., X, are donor units (e.g., the GDP of p other regions in 1980), and
(w1, ..., wp) must satisfy the simplex constraint:

p
w; > 0 for each i, sz =1.
i=1

@ wi,...,w, are often estimated via (weighted) least squares using training
data (e.g. GDP data before the terrorism activities started).

@ Sparsity is often assumed: most weights are set to zero.
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Synthetic Control & Simplex Constraint

Essentially, synthetic control is a sparse linear regression problem with simplex
constraint on the regression coefficients.

On the use of simplex constraint:

@ Advantage: it makes the regression coefficients easier to interpret and avoids
extrapolation.

@ Disadvantage: it may not hold in practice.

@ A longstanding debate in the econometrics community [King and Zeng, 2006,
Hsiao et al., 2012, Doudchenko and Imbens, 2016, Xu, 2017, Li, 2020,
Abadie, 2021, Goh and Yu, 2022, Martinez and Vives-i-Bastida, 2022].
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Bayesian Variable Selection

The standard spike-and-slab variable selection model typically assumes:

Y~ N(Xw,67'1),
¢ ~ Gamma(ri /2, k2/2),
Vi R Bernoulli(),

w’)’ ‘ ’Ya,u’va7¢N N(/L’W (T/d))[)a
w; | yi =0~ do.

Often one uses i, = 0 and chooses 7 according to prior knowledge.
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A New Bayesian Variable Selection Model

We propose a new model, BVS-SS (Bayesian Variable Selection with Soft Simplex
constraint):

Y ~ N(Xw, ¢ 1),
¢ ~ Gamma(k1/2, ka/2),
;R Bernoulli(6),
T ~ Gamma(a, az),
f~ | v ~ sym-Dirichlet(a),
Wy [ Vs oy, T, ~ N by, (7/9)1),
w; | v =0~ do.
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Remarks on BVS-SS

@ i satisfies the simplex constraint a.s.

e p(wy | 7, ftvy, T, @) interpolates between the simplex constraint and the
unconstrained setting.

o If the data suggests that the simplex constraint is likely to be satisfied, the
posterior of 7 should concentrate around O.

o If the data suggests that the simplex constraint is significantly violated, 7
should stay away from 0 in the posterior.

@ Our simulation study indicates that 7 can be reasonably estimated even with
a relatively small sample size.
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Posterior Distribution

The joint posterior distribution of (v, i, 7, ¢) can be computed by
(v T @ [ y) o< p(y | 7, 11, 7, 0)P(1y | V)P(7)D(T)P(9)
where p(y | v, 4, 7, ¢) can be computed in closed-form since

Y| Yty 7o~ N (X, 07 (7 X, X + 1))
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Add-delete-swap Samplers

For standard Bayesian spike-and-slab variable selection with fixed 1, and 7,
Metropolis—Hastings algorithms can be used to approximate p(v, ¢ | y), where v is
updated by add-delete-swap proposals.

For BVS-SS, p(y | v, 7, ®) involves an integral over the simplex and thus has no
closed-form expression. Therefore, the standard marginal add-delete-swap scheme
cannot be applied directly.
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A New Metropolis-within-Gibbs Scheme

We devise a Metropolis-within-Gibbs scheme targeting p(v, p, 7, ¢ | y).
@ ¢ can be drawn from p(¢ | y,v, 1, 7) (Gamma).

o 7 is updated by a Metropolis—Hastings step with a random walk proposal on
the log scale.

@ Since ; = 1{p; # 0}, the inclusion indicator and coefficient are updated
jointly. Due to the simplex constraint, a one-coordinate update is degenerate.
o Draw (7vi,vj, i, ;) (with ¢ # j) from its full conditional posterior. lts

probabilities can be evaluated using the CDF of a univariate normal
distribution.
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Selection Consistency under the Simplex Constraint

Assume 7 = 0. Conditional on ¢,

b1 3:9) < L) [

Alvl=

¢
e =Sl 2 an

where A* denotes the k-dimensional simplex.

Under mild high-dimensional conditions,

p(v* | y) = 1, in probability,

with respect to the true data-generating probability measure.
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Remarks on the Consistency Result

High-dimensional conditions we require include:

@ The columns of X are normalized, and the minimum eigenvalues of
XWTXA,/n are bounded away from zero for sparse models.

@ The true regression coefficients satisfy the simplex constraint and a beta-min
condition of order \/Llog(p)/n, where L bounds the model size.

@ The prior inclusion probability is sufficiently small so that the prior penalizes
large models.

@ The sample size is sufficiently large relative to the true model size, L, and
log p.
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Estimation and Prediction Consistency

Under the same high-dimensional conditions,

. o?Llogp _ 2
Eyllp—p ||§ = Op(max{vn, p L@ }) )

where £* = |y*| and X controls the restricted eigenvalues of the design.

@ The posterior expected prediction loss converges at the corresponding rate for
a new design matrix.

o Consequently, the posterior estimator of the average treatment effect is
consistent.
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Proof Idea for Selection Consistency

For any p. satisfying the simplex constraint,

ly — X%““/”% =y - Xvﬂv”% + by
+ HX'Y(N’Y - .[I“’Y)H%

@ /i is the unconstrained least-squares
estimator.

@ by > 0 measures its deviation from the
sum-to-one constraint.

e X, fi, is its projection onto the
corresponding affine space.

(0,1,0)

(1,0,0)
0.0.1)

A concentration ball around the projected
estimator lies within the simplex.
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When T — oo

Let p denote the posterior distribution under the unconstrained spike-and-slab
model. Then, for fixed data,

Thus, when 7 is large, the BVS-SS posterior approaches its unconstrained
counterpart.
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Simulation Studies: Treatment Effect Estimation
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Top row: p = 20, |[v*| = 5. Bottom row: p = 50, |v*| = 10. Relative efficiency is measured against
OLS(7*).
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Simulation Studies: Posterior Mean of T
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Distribution of the posterior mean of 7 across 100 replicates with p = 50 and
[y*| = 10.
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Anti-tax Evasion Program in Brazil

For this data set, p = 8,n = 33.

Table: NFP Impact on Food Inflation

ATT T 1) |
Mean 0.288 0.14 3.85 2.29
95% credible interval  (0.141, 0.419) (0, 1.44) (1.94, 6.05) (1, 4)

For comparison, Carvalho et al. [2018] estimated ATT to be 0.4478. Their
approach does not assume simplex constraint.
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Anti-corruption Campaign in China

For this data set, p = 87, n = 35.

Table: Anti-corruption Campaign's Impact on Luxury Watches Importation

ATT T 1) 1Yl
Mean -0.021 0.069 20.86 5.09
95% credible interval  (-0.032, -0.008) (0, 0.641) (12.22, 32.76) (1, 20)

For comparison, Shi and Huang [2023] estimated ATT to be —0.0309 using a
forward selection algorithm without simplex constraint.
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Concluding remarks

@ Sparse linear regression with constraints on the regression coefficients is used
in applied domains, but its theoretical properties are not well understood.

@ Bayesian formulation offers a simple solution to the debate over the use of
simplex constraint.

o With 7 = 0, BVS-SS consistently selects the true variables in
high-dimensional settings and achieves consistent coefficient estimation and
prediction.

o Future directions:

o Consistency theory for estimating 7.

o MCMC methods that are more robust to highly correlated predictors.
e Extensions that include time-invariant characteristics.

e Robustness to model misspecification and heterogeneous errors.

e Shrinkage effect of the simplex constraint?
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