Unit 6: Convergence in L

Instructor: Quan Zhou

6.1 Doob’s L” inequality

Lemma 6.1. Let (X,,),>0 be a submartingale, and define X,, = maxg<i<, X,
For any ¢ > 0,

Proof. We fix n and let T' = n Ainf{k: X} > c}, which is a bounded stopping
time. By Theorem 4.3, EXr < EX,,. Let A = {X,, > ¢}, and observe that
on the event A¢, we have T' = n. Hence, X7 — X,, = (X1 — X,,)1 4, and thus

E[Xn]lA] Z E[XT]lA] Z C E[I[A],
which proves the asserted inequality. O
Theorem 6.1. Let (X,,),>0 be a submartingale and p € (1,00). Then,
— p p
el < (7)) ey
p—1
where X,, = maxg<i<n X; .

Proof. We use truncation. Pick M < oo and define Y, = X, AM. Lemmal6.1]
yields P(Y,, > y) < y'E[X,[ Ly, >, since {Y, >y} ={X, >y} if M >y
and {Y,, >y} =0 if M < y. Hence,

E[YE]Z/ py"'P(Y, > y)dy
0
< /O Py B[N Ly, > dy
:E[X:/ Py’ gy, >y dy
0
=L _E[xfvr.
1 n n

p—
Holder’s inequality yields that

E [0y dy] < (B[O By o)
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Combining the two inequalities above and using E[Y?] < oo due to trunca-
tion, we obtain that

EED'7 < 2 (B

To conclude the proof, let M — oo and apply monotone convergence theo-
rem. 0

Corollary 6.1. Let (X,,)n>0 be a martingale and p € (1,00). Then,
» \*
E {(max \Xi])p} < (—) E[|X."].
0<i<n p—1

Proof. Apply Theorem [6.1 and Lemma [6.2] below. O

Remark 6.1. In Theorem [6.1] and Corollary [6.1] there is no assumption on
the integrability of | X,,|P. Indeed, Corollary implies that, for a martingale
(X,) and p € (1,00), sup, E|X,|? < oo if and only if E[sup,, |X,[?] < oo.
However, this no longer holds if p = 1.

Lemma 6.2. Let (X,,) be a martingale and ¢ be a convex function such that
Elp(Xn)| < oo for each n. Then, (Y,) is a submatingale (w.r.t. the same
filtration) where Y,, = ¢(X,).

Proof. Apply Jensen’s inequality for conditional expectations. O

Remark 6.2. If (X,,) is only a submartingale, we need to require ¢ to be a
non-decreasing convex function. Then, (¢(X,,)) is still a submartingale.

Exercise 6.1. Let 7y, Z,,... be independent such that EZ, = 0 for every
n. Define S, = Z; + -+ + Z,, and V,, = Var(S,) = >.i | EZ?. Prove
Kolmogorov’s inequality:

_ 2
Plmax |Si| = c) < Va/c”.

Hint: use the submartingale (S?).

Exercise 6.2. Consider the setting of Exercise [6.1] Assume that |Z,] < K
for every n. Prove that

(c+ K)? (c+ K)?
1 <e) < <
P(g%zysll—C)—VnJr(chK)?—c?— Vo

Hint: use Theorem 4.3 with the martingale (52

> — V,) and stopping time
T =nAinf{k: |Sg| > c}.
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6.2 Convergence in L”

Theorem 6.2. Let X,, be a martingale with sup, E|X,|P < oo for some
p>1. Then X, converges almost surely and in LP.

Proof. The assumption implies that sup E| X,,| < oo, and thus Theorem 5.1
shows that X,, *¥ X,. Define X* = sup,,~,|X,|, and observe that |X,, —
X[ < (2X*)? by the triangle inequality. But by Corollary (X*)P is
integrable. Hence, we can apply dominated convergence theorem to conclude
that E[| X, — Xu|?] — 0. O

Example 6.1. Consider the branching process (X,,) defined in Example 5.1,
and we still let W,, = X,,/u™ and W, = lim W,,. Exercise 5.1 shows that, if
i <1, then X,, = 0 (and thus W,, = 0) for all sufficiently large n. Hence,
Ws =0 a.s.

Now consider the case p > 1, and assume Var(Z;) = o2 € (0,00). By
Lemma [6.3] below, we have

Var(X,,) = p*Var(X,,_1) + 0*E[X,,_1].

Hence, using X,, = W,u", we get

o? o?

Pz E[W,_1] = Var(W,,_1) + pEee

Var(W,,) = Var(W,,_1) +

An induction argument shows that

B "L o2 ol -p) o’
Var(W,) = P Ta(p—1) ~oa(p—1)

=1

which is finite for every n. Hence, (W,,) is a martingale bounded in L?. Thus,
W,, converges to W, a.s. and in L?, and E[W ] = 1.

Lemma 6.3. Let Xy, Xo, ..., bei.i.d. and N be a non-negative integer-valued
random variable independent of (X,)n>1. Define Sy = Zf\il X;. Suppose
EX? < o0 and EN? < 0. Then, ES%, < oo and

Var(Sy) = Var(N)(EX;)? + E(N)Var(X;).

Proof. Try it yourself. m
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